The function ||x|[ is called an F-norm. It is obvious that there is a one-to-one correspondance between F-norms and respective invariant metrics.
The first part of my talk will be connected with properties of F-norms.
The properties of metrics implies a following properties of F-norms : Stronger result was given by Eidelhiet and Mazur [8] namely that there is always an equivalent norm such that 328 S. ROLEWICẐ ') the function |[ tx || is strictly increasing for positive t and all x ^ 0 .
In the paper [3] it -was sho-wn that condition U), can "be replaced "by a stronger one. Namely there •*is always an equivalent norm such that ") the function tx is for positive t increasing concave and C -class.
We say that a norm j|x || is concave (increasing, C -class, analytic), if the function ||tx|| is for positive t and x ^ 0 concave (respectivaly increasing, C -class, analytic).
PROBLEM 1. -Let X be an F-space with a norm || x|| . Does always an equivalent analytic norm exist ?
Let X be an F-space with the norm || x || . We say that a norm |[ x||'
is unbounded if sup [|x||' = + ~ . In the paper [3] it was shown that there are x€ X spaces in which there is no equivalent unbounded norms. These space can characterized in a following way .
There is no unbounded norm in X if and only if for each neighbourhood of zero U there is a number n such that X = U + ... + U n fold PROBLEM 2. -Does each F-space contains -an infinite dimensional subspace with unbounded norm ? Does there exist a subspace such that in the quotient space there is an unbounded norm ?
We say that an F-space is locally bounded if there is a bounded neighbourhood of zero. It is known that in such a space there is a p-homogeneous F-norm equivalent to a given one (see Now problems connected with unconditional convergence and absolute convergence will be considered.
Let X be an F-space. A series Z x of elements of X is called unn=l n 00 conditionally convergent if for any sequence c = ± 1 the seriejs Z e x is n n=l n n convergent. It is said to be stable convergent if for any bounded sequence of sca-00 lars a^ the series Z a^ x^ is convergent. Of course, each stable convergent series is unconditionally convergent. An exemple given in paper [19] shows that it does not hold in general. It is easy to verify that it holds in each locally pseudo-convex space i.e. in such spaces that the topology can be defined by a sequence of p-homogeneous (p can be different for different pseudonorms). P. Turpin [20] has shown that there are non-locally pseudo-convex spaces in which stable and unconditional convergence are equivalent.
The problem of equivalence of stable and unconditional convergence is strictly related to the problem of existence of integrals of scalar valued functions with respect to the vector valued measure. More exactly. Let X be an F-space. Let ^ be a set, Z be a a-field of subsets of the set ^ , p be a countably additive function defined for E6 S and with values in X . We can easily define an integrals of simple functions in a standard way. The problem is the exis- The example given in [19] shows that there is an F-space X and an atomic measure p(E) and a real valued bounded measurable function x(t) such that the integral f x(t) d(t) does not exist. Q Metric linear spaces 331 PROBLEM 6. -Suppose that p(E) is nonatomic. Does exists an integral J x(t) dp(t) for each measurable bounded, scalar valued function x(t) ?
PROBLEM 7. -Let X = S[0, I], Does an integral f x(t) dp exist for each measurable "bounded scalar valued function x(t) and each measure p(E) ?
Let X be an F-space. We say that a serie E x is absolutely metric n=l n convergent if £ ||x || < + °° . Dvoretzky and Rogers [6] have shown that in each inn=l finite dimensional Banach space with homogeneous norm there is an unconditionally convergent series which is not absolutely convergent. This result can be easily extended on all infinite dimensional F-spaces (see [IT] ).
Another notion of absolute convergence is following. Let U be a starlike open set containing 0 as its internal point. Let us put
[x]y = inf {t 0 : ^ 6 U} .
00
We say that a series Z x is absolutely convergent if for any U such as abovê l Of course, the classical definition of nuclear spaces based on the notion of nuclear operators is not applicable for non-locally convex spaces. Thus we define nuclear spaces basing on the notion of diametral approximative dimension.
Let X be an F-space. We say that X is a nuclear space if lim n 5 (K, U) = 0 n ^ °°f or each compact set K and open set U , where 6^(K, U) = inf {c > 0 : KcL + eU , L runs over subspaces of dimension n} .
As follows from result Dynin and Mitiagin [7] in the case of locally convex spaces the above definition is equivalent to the classical one. If there is a basis in nuclear locally p-convex F-space X (locally p-convex space it is a locally pseudo-convex space in which all p-homogeneous pseudo-norms can be choosen with this same p ), then X is locally convex.
There are also other problems connected with nuclear non-locally convex spaces. For example :
PROBLEM 10. -Do in each nuclear F-space non trivial linear continuous functionals exist ?
In the paper [U] it was shown that each infinite dimensional locally convex space, which is not a Banach space contains infinite dimensional nuclear space. [4] BESSAGA (C.), PELCZYNSKI (A.), ROLEWICZ (S.). -On diametral approximative dimension and linear homogeneity of F-spaces. Bull. Acad. Pol. Sc. 9 (l96l), 677-683.
[5] CHARZYNSKI (Z.). -Sur les transformations isometriques des espaces du type F . Stud. Math. 13 (1953) , 94-121.
